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WARPED PRODUCT POINTWISE BI-SLANT
SUBMANIFOLDS IN METALLIC RIEMANNIAN
MANIFOLDS
CRISTINA E. HRETCANU AND ADARA M. BLAGA
Abstract. In this paper, we study the properties of warped product
pointwise bi-slant submanifolds in locally metallic Riemannian mani-
folds and construct some examples in Euclidean spaces. Also, we provide
conditions for the two distributions of a proper warped product point-
wise semi-slant (and respectively, hemi-slant) submanifold in a locally
metallic Riemannian manifold to be integrable.
1. Introduction
B. Y. Chen studied CR-submanifolds of a Ka¨hler manifolds which are
warped products of holomorphic and totally real submanifolds, respectively
([9], [10], [11]). Also, in his new book ([8]), he presents a multitude of
properties for warped product manifolds and submanifolds, such as: warped
product of Riemannian and Ka¨hler manifolds, warped product submani-
folds of Ka¨hler manifolds (with the particular cases: warped product CR-
submanifolds, warped product hemi-slant or semi-slant submanifolds of Ka¨-
hler manifolds), CR-warped products in complex space forms and so on.
Metallic Riemannian manifolds and their submanifolds were defined and
studied by C. E. Hretcanu, M. Crasmareanu and A. M. Blaga in ([24], [21]),
as a generalization of the Golden Riemannian manifolds studied in ([14],
[23], [25]). The authors of the present paper studied some properties of
invariant, anti-invariant and slant submanifolds ([5]), semi-slant submani-
folds ([20]) and, respectively, hemi-slant submanifolds ([19]) in metallic and
Golden Riemannian manifolds and they obtained integrability conditions for
the distributions involved in these types of submanifolds. Moreover, prop-
erties of metallic and Golden warped product Riemannian manifolds were
presented in the two previous works of the authors ([4], [7]). In the last
years, the study of submanifolds in metallic Riemannian manifolds has been
continued by many authors ([1], [15], [16]), which introduced the notion of
lightlike submanifold of a metallic semi-Riemannian manifold.
The name of metallic number is given to the positive solution of the
equation x2 − px − q = 0 which is σp,q = p+
√
p2+4q
2 ([26]), where p and q
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are positive integer values. The metallic structure is a particular case of
polynomial structure on a manifold, which was generally defined in ([18],
[17]).
In the present paper, we study warped product pointwise bi-slant sub-
manifolds in locally metallic Riemannian manifolds. In Section 2, we recall
the main properties of metallic (and Golden) Riemannian manifolds and of
their submanifolds and prove some immediate consequences of the Gauss
and Weingarten equations for an isometrically immersed submanifold in a
metallic Riemannian manifold ([19], [20], [21]). In Section 3, we give some
properties of pointwise bi-slant submanifolds in metallic Riemannian mani-
folds and, in particular, we discuss about pointwise semi-slant and pointwise
hemi-slant submanifolds in locally metallic Riemannian manifolds. In Sec-
tion 4, we discuss about warped product pointwise bi-slant submanifolds
(with their particular cases: pointwise semi-slant and pointwise hemi-slant
submanifolds) in locally metallic Riemannian manifolds. Also, we provide
some examples.
2. Preliminaries
Let M be an m-dimensional manifold endowed with a tensor field J of
type (1, 1). Then J is called a metallic structure if it satisfies:
(2.1) J2 = pJ + qI,
for p, q ∈ N∗, where I is the identity operator on Γ(TM). If a Riemannian
metric g is J-compatible, i.e.:
(2.2) g(JX, Y ) = g(X,JY ),
for any X, Y ∈ Γ(TM), then (M,g, J) is called a metallic Riemannian
manifold ([24]). In this case, g verifies:
(2.3) g(JX, JY ) = g(J2X,Y ) = pg(JX, Y ) + qg(X,Y ),
for any X, Y ∈ Γ(TM).
For p = q = 1 one obtains the Golden structure J which satisfies J2 =
J+I. If (M,g) is a Riemannian manifold endowed with a Golden structure J
such that the Riemannian metric g is J-compatible, then (M,g, J) is called
a Golden Riemannian manifold ([14]).
Let M be an isometrically immersed submanifold in the metallic Rie-
mannian manifold (M,g, J).
The tangent space TxM of M in a point x ∈ M can be decomposed
into the direct sum TxM = TxM ⊕ T⊥x M, for any x ∈ M , where T⊥x M is
the normal space of M in x. Let i∗ be the differential of the immersion
i : M → M . Then the induced Riemannian metric g on M is given by
g(X,Y ) = g(i∗X, i∗Y ), for any X, Y ∈ Γ(TM). In all the rest of the paper,
we shall denote by X the vector field i∗X, for any X ∈ Γ(TM).
Let TX := (JX)T and NX := (JX)⊥, respectively, be the tangential
and normal components of JX, for any X ∈ Γ(TM) and tV := (JV )T ,
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nV := (JV )⊥ be the tangential and normal components of JV , for any
V ∈ Γ(T⊥M). Then we have:
(2.4) JX = TX +NX
and
(2.5) JV = tV + nV,
for any X ∈ Γ(TM) and V ∈ Γ(T⊥M).
The maps T and n are g-symmetric ([5]):
(2.6) g(TX, Y ) = g(X,TY ),
(2.7) g(nU, V ) = g(U, nV )
and
(2.8) g(NX,V ) = g(X, tV ),
for any X, Y ∈ Γ(TM) and U , V ∈ Γ(T⊥M). We also obtain ([19]):
(2.9) T 2X = pTX + qX − tNX,
(2.10) pNX = NTX + nNX,
(2.11) n2V = pnV + qV −NtV
and
(2.12) ptV = T tV + tnV,
for any X ∈ Γ(TM) and V ∈ Γ(T⊥M).
Let ∇ and ∇ be the Levi-Civita connections on (M,g) and on its sub-
manifold (M,g), respectively. The Gauss and Weingarten formulas are given
by:
(2.13) ∇XY = ∇XY + h(X,Y )
and
(2.14) ∇XV = −AVX +∇⊥XV,
for any X, Y ∈ Γ(TM) and V ∈ Γ(T⊥M), where h is the second fundamen-
tal form and AV is the shape operator, which satisfy
(2.15) g(h(X,Y ), V ) = g(AVX,Y ).
For any X, Y ∈ Γ(TM), the covariant derivatives of T and N are given
by:
(2.16) (∇XT )Y = ∇XTY − T (∇XY )
and
(2.17) (∇XN)Y = ∇⊥XNY −N(∇XY ).
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For any X ∈ Γ(TM) and V ∈ Γ(T⊥M), the covariant derivatives of t and
n are given by:
(2.18) (∇X t)V = ∇X tV − t(∇⊥XV )
and
(2.19) (∇Xn)V = ∇⊥XnV − n(∇⊥XV ).
From (2.1) we obtain
(2.20) g((∇XJ)Y,Z) = g(Y, (∇XJ)Z),
for any X, Y , Z ∈ Γ(TM), which implies ([6]):
(2.21) g((∇XT )Y,Z) = g(Y, (∇XT )Z)
and
(2.22) g((∇XN)Y, V ) = g((∇X t)V, Y ),
for any X, Y , Z ∈ Γ(TM) and V ∈ Γ(T⊥M).
The analogue concept of locally product manifold is considered in the
context of metallic geometry, having the name of locally metallic manifold
([7]). Thus, we say that the metallic Riemannian manifold (M,g, J) is locally
metallic if J is parallel with respect to the Levi-Civita connection ∇ on M
(i.e. ∇J = 0).
3. Pointwise bi-slant submanifolds in metallic Riemannian
manifolds
We shall state the notion of pointwise slant submanifold in a metallic
Riemannian manifold, following Chen’s definition ([13], [12]) of pointwise
slant submanifold of an almost Hermitian manifold and introduce the notion
of pointwise bi-slant submanifold in the metallic context.
Definition 1. A submanifoldM of a metallic Riemannian manifold (M,g, J)
is called pointwise slant if, at each point x ∈ M , the angle θx(X) between
JX and TxM (called the Wirtinger angle) is independent of the choice of
the nonzero tangent vector X ∈ TxM −{0}, but it depends on x ∈M . The
Wirtinger angle is a real-valued function θx : TxM − {0} → R at each point
x ∈M , also called the Wirtinger function, and it verifies:
(3.1) cos θx =
g(JX, TX)
‖JX‖ · ‖TX‖ =
‖TX‖
‖JX‖ .
A pointwise slant submanifold of a metallic Riemannian manifold is slant
submanifold if its Wirtinger function θ is globally constant.
In a similar manner as in ([12]) we obtain:
Proposition 1. IfM is an isometrically immersed submanifold in the metal-
lic Riemannian manifold (M,g, J), then M is a pointwise slant submanifold
if and only if
(3.2) T 2 = (cos2 θx)(pT + qI),
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for some real-valued function θx defined on TxM − {0}, at each given point
x ∈M .
From (2.9) and (3.2) we have:
Proposition 2. Let M be an isometrically immersed submanifold in the
metallic Riemannian manifold (M,g, J). If M is a pointwise slant subman-
ifold with the Wirtinger angle θx, then:
(3.3) g(NX,NY ) = (sin2 θx)[pg(TX, Y ) + qg(X,Y )]
and
(3.4) tNX = (sin2 θx)(pTX + qX),
for any X, Y ∈ TxM − {0} and any x ∈M .
From (3.2), by a direct computation, we obtain:
Proposition 3. Let M be an isometrically immersed submanifold in the
metallic Riemannian manifold (M,g, J). If M is a pointwise slant subman-
ifold with the Wirtinger angle θx, then:
(3.5) (∇XT 2)Y = p(cos2 θx)(∇XT )Y − sin(2θx)X(θx)(pTY + qY ),
for any X, Y ∈ TxM − {0} and any x ∈M .
Definition 2. LetM be an immersed submanifold in a metallic Riemannian
manifold (M,g, J). We say that M is a pointwise bi-slant submanifold of M
if there exists a pair of orthogonal distributions D1 and D2 on M such that
(i) TM = D1 ⊕D2;
(ii) JD1⊥D2 and JD2⊥D1;
(iii) the distributions D1, D2 are pointwise slant, with slant functions θ1x
and θ2x, for any x ∈M .
The pair {θ1, θ2} of slant functions is called the bi-slant function.
A pointwise slant submanifold M is called proper if its bi-slant functions
θ1, θ2 6= 0; pi2 and both θ1, θ2 are not constant on M .
In particular, if θ1 = 0 and θ2 6= 0; pi2 , then M is called a pointwise semi-
slant submanifold ; if θ1 =
pi
2 and θ2 6= 0; pi2 , then M is called a pointwise
hemi-slant submanifold.
If M is a pointwise bi-slant submanifold of M , then the distributions D1
and D2 on M verify T (D1) ⊆ D1 and T (D2) ⊆ D2.
Example 1. Let R6 be the Euclidean space endowed with the usual Eu-
clidean metric 〈·, ·〉. Let i : M → R7 be the immersion given by:
i(u, v) := (cos u cos v, cos u sin v, sinu cos v, sinu sin v, sin v, cos v) ,
where M := {(u, v) | u, v ∈ (0, pi2 )}.
We can find a local orthonormal frame on TM given by:
Z1 = − sinu cos v ∂
∂x1
− sinu sin v ∂
∂x2
+ cos u cos v
∂
∂x3
+ cos u sin v
∂
∂x4
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Z2 = − cos u sin v ∂
∂x1
+ cosu cos v
∂
∂x2
− sinu sin v ∂
∂x3
+ sinu cos v
∂
∂x4
+
+cos v
∂
∂x5
− sin v ∂
∂x6
.
We define the metallic structure J : R6 → R6 by:
J(X1,X2,X3,X4,X5,X6,X7) := (σX1, σX2, σX3, σX4, σX5, σX6),
where σ := σp,q =
p+
√
p2+4q
2 is a metallic number (p, q ∈ N∗) and σ = p−σ.
We remark that J verifies J2X = pJ + qI and 〈JX, Y 〉 = 〈X,JY 〉, for
any X, Y ∈ R6. Also, we have
JZ1 = −σ sinu cos v ∂
∂x1
−σ sinu sin v ∂
∂x2
+σ cos u cos v
∂
∂x3
+σ cos u sin v
∂
∂x4
,
JZ2 = −σ cos u sin v ∂
∂x1
+ σ cos u cos v
∂
∂x2
− σ sinu sin v ∂
∂x3
+
+σ sinu cos v
∂
∂x4
+ σ cos v
∂
∂x5
− σ sin v ∂
∂x6
.
We remark that 〈JZ1, Z2〉 = 〈JZ2, Z1〉 = 0, 〈JZ1, Z1〉 = σ cos2 v+σ sin2 v
and 〈JZ2, Z2〉 = p.
On the other hand we get:
‖Z1‖ = 1, ‖Z2‖ =
√
2,
‖JZ1‖ =
√
σ2 cos2 v + σ2 sin 2v =
√
p(σ cos2 v + σ sin2 v) + q,
‖JZ2‖ =
√
σ2 + σ2 =
√
p2 + 2q.
We denote by D1 := span{Z1} the slant distribution with the slant angle
θ1, where cos θ1 =
f(u,v)√
pf(u,v)+q
, for f(u, v) := σ cos2 v+σ sin2 v a real function
on M . Also, we denote by D2 := span{Z2} the slant distribution with the
slant angle θ2, where cos θ2 =
σ+σ√
2(σ2+σ2)
= p√
2(p2+2q)
.
The distributions D1 and D2 satisfy the conditions from Definition 2.
If M1 and M2 are the integral manifolds of the distributions D1 and D2,
respectively, then M := M1 ×√2 M2 with the Riemannian metric tensor
g := du2 + 2dv2
is a pointwise bi-slant submanifold in the metallic Riemannian manifold
(R6, 〈·, ·〉, J).
Example 2. In particular, if f is a metallic function (i.e. f2 = pf + q),
then cos θ1 = 1 and we remark that M is a semi-slant submanifold in the
metallic Riemannian manifold (R6, 〈·, ·〉, J), with the slant angle θ = θ2.
Example 3. On the other hand, if f = 0 (i.e. tan v =
√−σ
σ
=
√
p2+4q+p
2
√
q
),
then cos θ1 = 0 and we remark that M is a hemi-slant submanifold in the
metallic Riemannian manifold (R6, 〈·, ·〉, J), with the slant angle θ = θ2.
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If we denote by Pi the projections from TM onto Di, for i ∈ {1, 2}, then
X = P1X + P2X, for any X ∈ Γ(TM). In particular, if X ∈ Di, then
X = PiX, for i ∈ {1, 2}.
If we denote by Ti = Pi ◦ T , for i ∈ {1, 2}, then, from (2.4), we obtain:
(3.6) JX = T1X + T2X +NX.
In a similar manner as in ([13]), we get:
Lemma 1. Let M be a pointwise bi-slant submanifold of a locally metallic
Riemannian manifold (M,g, J) with pointwise slant distributions D1 and
D2 and slant functions θ1 and θ2, respectively. Then
i) for any X, Y ∈ D1 and Z ∈ D2, we have:
(3.7) (sin2 θ1 − sin2 θ2)g(∇XY, pT2Z + qZ) =
= p[g(∇XY, T2Z) + g(∇XZ, T1Y )] + p(cos2 θ1 + 1)g(ANZY +ANY Z,X)−
−g(ANT1Y Z +ANT2ZY,X)− g(ANZT1Y +ANY T2Z,X);
ii) for any X ∈ D1 and Z, W ∈ D2, we have:
(3.8) (sin2 θ2 − sin2 θ1)g(∇ZW,pT1X + qX) =
= p[g(∇ZW,T1X)+ g(∇ZX,T2W )]+p(cos2 θ2+1)g(ANXW +ANWX,Z)−
−g(ANT2WX +ANT1XW,Z)− g(ANWT1X +ANXT2W,Z).
Proof. From (2.1) we have
(3.9) qg(∇XY,Z) = qg(∇XY,Z) = g(J2∇XY,Z)− pg(J∇XY,Z),
for any X, Y ∈ D1 and Z ∈ D2. By using (2.2) and (∇XJ)Y = 0, we
obtain:
(3.10) qg(∇XY,Z) = g(∇XJ2Y,Z)− pg(∇XJY,Z).
From (3.6) we get JX = T1X + NX, JY = T1Y + NY and JZ =
T2Z +NZ, for any X, Y ∈ D1 and Z ∈ D2 and from here we obtain:
qg(∇XY,Z) = g(∇XJT1Y,Z) + g(∇XJNY,Z)− pg(∇X(T1Y +NY ), Z) =
= g(∇XT 21 Y,Z) + g(∇XNT1Y,Z) + g(∇XNY, JZ)− pg(∇XT1Y,Z)+
+pg(ANYX,Z) =
= g(∇X(cos2 θ1(pT1Y + qY )), Z)− g(ANT1YX,Z)+ g(∇XNY, T2Z +NZ)+
+pg(T1Y,∇XZ) + pg(ANYX,Z).
Thus, we get:
qg(∇XY,Z) = cos2 θ1g(∇X(pT1Y +qY ), Z)−sin 2θ1X(θ1)g(pT1Y +qY, Z)−
−g(ANT1YX,Z)− g(ANYX,T2Z)− g(∇XNZ, JY ) + g(∇XNZ,T1Y )+
+pg(T1Y,∇XZ) + pg(ANYX,Z).
By using g(pT1Y + qY, Z) = 0, we obtain:
q sin2 θ1g(∇XY,Z) = p cos2 θ1g(∇XT1Y,Z)− g(ANT1Y Z +ANY T2Z,X)+
+g(JNZ,∇XY )− g(ANZX,T1Y ) + pg(T1Y,∇XZ) + pg(ANY Z,X).
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Using (2.10) and (3.4), we find:
g(JNZ,∇XY ) = g(tNZ + nNZ,∇XY ) =
= sin2 θ2g(∇XY, qZ + pT2Z) + g(pNZ −NT2Z,∇XY ) =
= q sin2 θ2g(∇XY,Z) + p sin2 θ2g(∇XY, T2Z)−
−pg(∇XNZ,Y ) + g(∇XNT2Z, Y )
and from
g(∇XT1Y,Z) = −g(JY −NY,∇XZ) = g(∇XY, JZ)− g(∇XNY,Z) =
= g(∇XY, T2Z)− g(Y,∇XNZ)− g(∇XNY,Z) =
= g(∇XY, T2Z) + g(Y,ANZX) + g(ANYX,Z)
we have:
q(sin2 θ1 − sin2 θ2)g(∇XY,Z) = p(1− sin2 θ1)g(∇XY, T2Z)+
+p cos2 θ1g(ANZY +ANY Z,X) + sin
2 θ2g(∇XY, pT2Z)−
−g(ANT1Y Z +ANY T2Z +ANZT1Y +ANT2ZY,X)−
−pg(Y,∇XNZ) + pg(T1Y,∇XZ) + pg(ANY Z,X)
and from here we get (3.7).
In the same manner we find (3.8). 
Proposition 4. Let M be a pointwise semi-slant submanifold in a locally
metallic Riemannian manifold (M,g, J) with pointwise slant distributions
D1 and D2, having slant functions θ1 = 0 and θ2 = θ. Then, we have:
(3.11) sin2 θg(∇XY, pT2Z + qZ) = −p[g(∇XY, T2Z) + g(∇XZ, T1Y )]−
−2pg(ANZY,X) + g(ANZT1Y +ANT2ZY,X),
for any X, Y ∈ D1 and Z ∈ D2, and
(3.12) sin2 θg(∇ZW,pT1X + qX) = p[g(∇ZW,T1X) + g(∇ZX,T2W )]+
+p(cos2 θ + 1)g(ANWX,Z)− g(ANT2WX +ANWT1X,Z),
for any X ∈ D1 and Z, W ∈ D2.
Proposition 5. Let M be a pointwise hemi-slant submanifold in a locally
metallic Riemannian manifold (M,g, J) with pointwise slant distributions
D1 and D2, having slant functions θ1 =
pi
2 and θ2 = θ. Then, we have:
(3.13) cos2 θg(∇XY, pT2Z + qZ) = pg(∇XY, T2Z)+
+pg(ANZY +ANY Z,X) − g(ANT2ZY +ANY T2Z,X),
for any X, Y ∈ D1 and Z ∈ D2, and
(3.14) q cos2 θg(∇ZW,X) = −pg(∇ZX,T2W )−
−p(cos2 θ + 1)g(ANXW +ANWX,Z) + g(ANT2WX +ANXT2W,Z),
for any X ∈ D1 and Z, W ∈ D2.
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4. Warped product pointwise bi-slant submanifolds in metallic
Riemannian manifolds
In ([4]), the authors of this paper introduced the Golden warped prod-
uct Riemannian manifold and provided a necessary and sufficient condition
for the warped product of two locally Golden Riemannian manifolds to be
locally Golden. Moreover, the subject was continued in the papers ([7],
[22]), where the authors characterized the metallic structure on the product
of two metallic manifolds in terms of metallic maps and provided a neces-
sary and sufficient condition for the warped product of two locally metallic
Riemannian manifolds to be locally metallic.
Let (M1, g1) and (M2, g2) be two Riemannian manifolds (of dimensions
n1 > 0 and n2 > 0, respectively) and let pi1, pi2 be the projection maps from
the product manifold M1 ×M2 onto M1 and M2, respectively. We denote
by ϕ˜ := ϕ ◦ pi1 the lift to M1 ×M2 of a smooth function ϕ on M1. Then
M1 is called the base and M2 is called the fiber of M1 ×M2. The unique
element X˜ of Γ(T (M1 ×M2)) that is pi1-related to X ∈ Γ(TM1) and to the
zero vector field on M2 will be called the horizontal lift of X and the unique
element V˜ of Γ(T (M1 ×M2)) that is pi2-related to V ∈ Γ(TM2) and to the
zero vector field on M1 will be called the vertical lift of V . We denote by
L(M1) the set of all horizontal lifts of vector fields on M1 and by L(M2) the
set of all vertical lifts of vector fields on M2.
For f :M1 → (0,∞) a smooth function on M1, we consider the Riemann-
ian metric g on M :=M1 ×M2:
(4.1) g := pi∗1g1 + (f ◦ pi1)2pi∗2g2.
Definition 3. The product manifold of M1 and M2 together with the Rie-
mannian metric g is called the warped product of M1 andM2 by the warping
function f ([3]).
A warped product manifoldM :=M1×fM2 is called trivial if the warping
function f is constant. In this case, M1 ×f M2 is the Riemannian product
M1 ×M2f , where M2f is the manifold M2 equipped with the metric f2g2
(which is homothetic to g2) ([8]).
In the next considerations, we shall denote by (f ◦ pi1)2 =: f2, pi∗1g1 =: g1
and pi∗2g2 =: g2, respectively.
The Levi-Civita connection on M := M1 ×f M2 is related to the Levi-
Civita connections on M1 and M2, as follows:
Lemma 2. ([8]) For X, Y ∈ Γ(TM1) and Z, W ∈ Γ(TM2), we have on
M :=M1 ×f M2 that:
(4.2) ∇XZ = ∇ZX = X(ln f)Z,
where ∇ denotes the Levi-Civita connection on M .
The warped product M1 ×f M2 of two pointwise slant submanifolds M1
and M2 in a metallic Riemannian manifold (M,g, J) is called a warped
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product pointwise bi-slant submanifold. Moreover, the pointwise bi-slant
submanifold M1 ×f M2 is called proper if both of the submanifolds M1 and
M2 are proper pointwise slant in (M,g, J).
In particular, if M := M1 ×f M2 is a warped product submanifold in a
metallic Riemannian manifold (M,g, J) such that one of the componentsMi
(i ∈ {1, 2}) is an invariant submanifold (respectively, anti-invariant subman-
ifold) in M and the other one is a pointwise slant submanifold in M , with
the Wirtinger angle θx ∈ [0, pi2 ], then we call the submanifoldM warped prod-
uct pointwise semi-slant submanifold (respectively, warped product pointwise
hemi-slant submanifold) in the metallic Riemannian manifold (M,g, J).
In a similar manner as in ([22]), we get:
Proposition 6. LetM :=M1×fM2 be a warped product pointwise bi-slant
submanifold in a locally metallic (or locally Golden) Riemannian manifold
(M,g, J) with slant functions θ1, θ2 and warped function f . Then, for any
X,Y ∈ Γ(TM1) and Z,W ∈ Γ(TM2), we have:
(4.3) g(h(X,Y ), NZ) = −g(h(X,Z), NY ),
(4.4) g(h(X,Z), NW ) = 0,
and
(4.5) g(h(Z,W ), NX) = T1X(ln f)g(Z,W )−X(ln f)g(Z, T2W ).
Proposition 7. LetM :=M1×fM2 be a warped product pointwise bi-slant
submanifold in a locally metallic (or locally Golden) Riemannian manifold
(M,g, J) with slant functions θ1, θ2 and warped function f . Then, for any
X ∈ Γ(TM1) and Z,W ∈ Γ(TM2), we have:
(4.6) sin(2θ2)X(θ2)g(pT2Z + qZ,W ) = 0.
Proof. From (2.1) we have
(4.7) qg(∇XZ,W ) = qg(∇XZ,W ) = g(J2∇XZ,W )− pg(J∇XZ,W ),
for any X ∈ Γ(TM1) and Z,W ∈ Γ(TM2). By using (2.2), (4.2) and
(∇XJ)Z = 0, we obtain:
(4.8) qX(ln f)g(Z,W ) = g(∇XJZ, JW )− pg(∇XJZ,W )
and using JZ = T2Z +NZ, for any Z ∈ Γ(TM2), we have:
qX(ln f)g(Z,W ) = g(∇XT2Z, T2W ) + g(∇XT2Z,NW ) + g(∇XJNZ,W )−
−pg(∇XT2Z,W )− pg(∇XNZ,W ).
Thus, from (2.10) and (4.2) we get:
qX(ln f)g(Z,W ) = X(ln f)g(T2Z, T2W ) + g(h(X,T2Z), NW )+
+g(∇X tNZ,W ) + g(∇XnNZ,W )− pX(ln f)g(T2Z,W ) + pg(ANZX,W ).
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From (4.4) we obtain g(h(X,T2Z), NW ) = 0 and g(ANZX,W ) = 0. Thus,
by using (2.6), (3.2) and (3.4), we have:
qX(ln f)g(Z,W ) = X(ln f)g(cos2(θ2)(pT2Z + qZ),W )+
+g(∇X(sin2(θ2)(pT2Z + qZ)),W ) + g(∇X(pNZ −NT2Z),W )−
−pX(ln f)g(T2Z,W ).
Thus, by using (4.4), we obtain:
sin(2θ2)X(θ2)g(pT2Z+ qZ,W ) = pg(h(X,W ), NZ)− g(h(X,W ), T2Z)) = 0
which implies (4.6). 
By using W = pT2Z + qZ 6= 0 in (4.6), we obtain sin(2θ2)X(θ2) = 0, we
remark that:
Remark 1. If M := M1 ×f M2 is a warped product pointwise bi-slant
submanifold in a locally metallic (or locally Golden) Riemannian manifold
(M,g, J) with slant functions θ1, θ2 and warped function f , then θ2 = 0 or
θ2 =
pi
2 or X(θ2) = 0, for any X ∈ Γ(TM1).
In a similar manner as in Theorem 3.5 from ([2]), we obtain:
Theorem 1. Let M := M1 ×f M2 be a warped product pointwise semi-
slant submanifold in a locally metallic Riemannian manifold (M,g, J) with
pointwise slant distributions D1 = D
T and D2 = D
θ, having slant functions
θ1 = 0 and θ2 = θ ∈ (0, pi2 ], where M1 and M2 are the integral manifolds of
the distributions D1 and D2. Then:
(i) the distribution DT is integrable if T1ANZ = ANZT1X and T2Z 6=
− q
p
· Z, for any X ∈ DT , Z ∈ Dθ − {0};
(ii) the distribution Dθ is integrable if T1X 6= − qp · X, for any X ∈
DT − {0}.
Proof. (i) For any X,Y ∈ DT and Z ∈ Dθ − {0}, from (3.11) and the
symmetry of the shape operator, we have:
sin2 θg([X,Y ], pT2Z + qZ) = −pg([X,Y ], T2Z)+ pg(∇XT1Y −∇Y T1X,Z)+
+g(h(X,T1Y ), NZ)− g(h(Y, T1X), NZ).
Using (2.2) and (4.3), we obtain:
g(∇XT1Y −∇Y T1X,Z) = g(∇XJY −∇YNX −∇Y JX +∇YNX,Z) =
= g(∇XY, JZ)− g(∇YX,JZ) + g(ANYX,Z)− g(ANXY,Z) =
= g([X,Y ], JZ) + g(h(X,Z), NY )− g(h(Z, Y ), NX) = g([X,Y ], T2Z).
Thus, using the symmetry of the shape operator, we have:
g(h(X,T1Y ), NZ)− g(h(Y, T1X), NZ) = g(T1ANZX −ANZT1X,Y )
and from here we obtain:
sin2 θg([X,Y ], pT2Z + qZ) = g(T1ANZX −ANZT1X,Y ),
which implies (i).
12 CRISTINA E. HRETCANU AND ADARA M. BLAGA
(ii) For any X ∈ DT − {0} and Z,W ∈ Dθ, from (3.12), we have:
sin2 θg([Z,W ], pT1X + qX) = pg([Z,W ], T1X)−
−pg(∇ZT2W−∇WT2Z,X)+p(cos2 θ+1)[g(h(X,Z), NW )−g(h(X,W ), NZ)]−
−g(h(X,Z), NT2W ) + g(h(X,W ), NT2Z)+
+g(h(T1X,Z), NW )− g(h(T1X,W ), NZ).
Using (4.4), we obtain:
g(h(X,Z), NW ) = g(h(X,W ), NZ) = 0,
g(h(X,Z), NT2W ) = g(h(X,W ), NT2Z) = 0,
and
g(h(T1X,Z), NW ) = g(h(T1X,W ), NZ) = 0.
Thus, we get:
sin2 θg([Z,W ], pT1X + qX) = 0,
which implies (ii). 
Theorem 2. Let M := M1 ×f M2 be a warped product pointwise hemi-
slant submanifold in a locally metallic Riemannian manifold (M,g, J) with
pointwise slant distributions D1 = D
⊥ and D2 = Dθ, having slant functions
θ1 =
pi
2 and θ2 = θ ∈ (0, pi2 ], where M1 and M2 are the integral manifolds of
the distributions D1 and D2. Then:
(i) the distribution D⊥ is integrable if T2Z 6= qp cot2 θ · Z, for any Z ∈
Dθ − {0};
(ii) the distribution Dθ is integrable if T1X 6= qp cos2 θ · X, for any X ∈
D⊥ − {0}.
Proof. (i) For any X, Y ∈ D⊥ and Z ∈ Dθ − {0}, from (3.13), we have:
cos2 θg([X,Y ], pT2Z + qZ) = pg([X,Y ], T2Z) + pg(h(X,Z), NY )−
−pg(h(Y,Z), NX) − g(h(T2Z,X), NY ) + g(h(T2Z, Y ), NX).
Using (4.3), we obtain:
g(h(X,Z), NY ) = g(h(Y,Z), NX)
and
g(h(T2Z,X), NY ) = g(h(T2Z, Y ), NX)
for any X,Y ∈ D⊥ and Z ∈ Dθ. Thus, we have:
g([X,Y ], cos2 θ(pT2Z + qZ)− pT2Z) = 0.
Because Z 6= 0 and T2Z ∈ Dθ, then [X,Y ] ∈ D⊥ if
cos2 θ(pT2Z + qZ)− pT2Z 6= 0,
which is equivalent to T2Z 6= qp cot2 θ ·Z (where p and q are positive integer
numbers). Thus, we obtain (i).
(ii) For any X ∈ D⊥ − {0} and Z,W ∈ Dθ, from (3.14) we have:
(4.9) q cos2 θg([Z,W ],X) = pg(∇ZT2W −∇WT2Z,X)−
WARPED PRODUCT POINTWISE BI-SLANT SUBMANIFOLDS IN METALLIC RIEMANNIAN MANIFOLDS13
−p(cos2 θ + 1)(g(h(W,Z),X) + g(h(X,Z), NW ) − g(h(Z,W ), NX)−
−g(h(X,W ), NZ)) + g(h(X,Z), NT2W ) + g(h(Z, T2W ), NX)−
−g(h(X,W ), NT2Z)− g(h(W,T2Z), NX).
Using (4.4), we obtain:
g(h(X,Z), NW ) = g(h(X,W ), NZ) = g(h(X,Z), NT2W ) =
= g(h(X,W ), NT2Z) = 0.
From (4.4), we get:
g(h(Z, T2W ), NX)−g(h(W,T2Z), NX) = T1X(ln f)(g(Z, T2W )−g(W,T2Z))−
−X(ln f)(g(Z, T 22W )− g(W,T 22 Z)) = 0
because g(Z, T2W ) = g(Z, JW ) = g(W,JZ) = g(W,T2Z) and g(Z, T
2
2W ) =
g(T2Z, T2W ) = g(W,T
2
2 Z).
Moreover, using (2.2) and (4.4), we have:
g(∇ZT2W −∇WT2Z,X) = g(∇ZJW −∇ZNW −∇WJZ +∇WNZ,X) =
= g(∇ZW,JX) − g(∇WZ, JX) + g(ANWZ,X) − g(ANZW,X) =
= g([Z,W ], JX) + g(h(X,Z), NW ) − g(h(X,W ), NZ) = g([Z,W ], T1X).
Thus, from (4.9) we obtain:
g([Z,W ], pT1X − q cos2 θ ·X) = 0,
which implies (ii). 
Example 4. Let R6 be the Euclidean space endowed with the usual Eu-
clidean metric 〈·, ·〉. Let i : M → R7 be the immersion given by:
i(u, v) := (u sin v, u cos v, u, u cos v, u sin v, v) ,
where M := {(u, v) | u > 0, v ∈ (0, pi2 )}.
We can find a local orthonormal frame on TM given by:
Z1 = sin v
∂
∂x1
+ cos v
∂
∂x2
+
∂
∂x3
+ cos v
∂
∂x4
+ sin v
∂
∂x5
Z2 = u cos v
∂
∂x1
− u sin v ∂
∂x2
− u sin v ∂
∂x4
+ u cos v
∂
∂x5
+
∂
∂x6
.
We define the metallic structure J : R6 → R6 by:
J(X1,X2,X3,X4,X5,X6) := (σX1, σX2, σX3, σX4, σX5, σX6),
where σ := σp,q =
p+
√
p2+4q
2 is a metallic number (p, q ∈ N∗) and σ = p−σ.
We remark that J verifies J2X = pJ + qI and 〈JX, Y 〉 = 〈X,JY 〉, for
any X, Y ∈ R6. Also, we have:
JZ1 = σ sin v
∂
∂x1
+ σ cos v
∂
∂x2
+ σ
∂
∂x3
+ σ cos v
∂
∂x4
+ σ sin v
∂
∂x5
JZ2 = uσ cos v
∂
∂x1
− uσ sin v ∂
∂x2
− uσ sin v ∂
∂x4
+ uσ cos v
∂
∂x5
+ σ
∂
∂x6
.
14 CRISTINA E. HRETCANU AND ADARA M. BLAGA
We remark that 〈JZ1, Z2〉 = 〈JZ2, Z1〉 = 0, 〈JZ1, Z1〉 = 2σ + σ and
〈JZ2, Z2〉 = u2(σ + σ) + σ.
On the other hand we get:
‖Z1‖ =
√
3, ‖Z2‖ =
√
2u2 + 1,
‖JZ1‖ =
√
2σ2 + σ2, ‖JZ2‖ =
√
u2(σ2 + σ2) + σ2.
We denote by D1 := span{Z1} the slant distribution with the slant angle
θ1 and D2 := span{Z2} the slant distribution with the slant angle θ2, where
cos θ1 =
2σ + σ√
3(2σ2 + σ2)
and
cos θ2 =
u2(σ + σ) + σ√
(2u2 + 1)(u2(σ2 + σ2) + σ2)
.
The distributions D1 and D2 satisfy the conditions from Definition 3.
If M1 and M2 are the integral manifolds of the distributions D1 and D2,
respectively, then M :=M1×√2u2+1M2 with the Riemannian metric tensor
g := 3du2 + (2u2 + 1)dv2
is a warped product pointwise bi-slant submanifold in the metallic Riemann-
ian manifold (R6, 〈·, ·〉, J).
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